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Ever since its first proposal in 1976, Jackiw-Rebbi zero-mode has been drawing extensive attention
for its charming properties including charge fractionalization, topologically protected zero-energy
and possible non-Abelian statistics. We investigate these properties through the Jackiw-Rebbi
zero-modes in quantum spin Hall insulator. Though charge fractionalization is not manifested,
Jackiw-Rebbi zero-mode’s zero-energy nature leads to a double-frequency Aharonov-Bohm effect,
implying that it can be viewed as a special case of Majorana zero-mode breaking particle-hole
symmetry. Such relation is strengthened since Jackiw-Rebbi zero-modes also exhibit non-Abelian
braiding properties in the absence of superconductivity, and the symmetry-protected degeneracy of
both Jackiw-Rebbi and Majorana zero-modes is proved to be equally important as the topological
gap for their non-Abelian statistics.
PACS numbers: 05.30.Pr, 73.23.-b, 74.20.Mn, 03.65.Vf
Introduction. Jackiw-Rebbi zero-mode was first raised
as the zero-energy soliton solution sandwiched between
the positive and negative energy branches of Dirac equa-
tion in one spatial dimension [1]. In the presence of such
a zero-mode, the total charge of the “Dirac sea” is half-
integer [2–6] due to the charge-conjugation symmetry,
which is regarded as another mechanism of charge frac-
tional quantization, in addition to the prestigious frac-
tional quantum Hall (FQH) effect [7–9]. In condensed
matter physics, Jackiw-Rebbi zero-mode is closely related
to the band topology [10, 11]. The first famous exam-
ple is the Su-Schrieffer-Heeger (SSH) model [12] whose
low-energy effective Hamiltonian is equivalent to a 1D
topological insulator (TI), and Jackiw-Rebbi zero-mode
resides in the domain wall separating topologically dis-
tinct phases. Another celebrated example is the Kitaev’s
chain [13] whose effective Hamiltonian is again equivalent
to a 1D TI. The difference is that the zero-mode here is
self-conjugate due to the superconductivity and therefore
a Majorana one. In this vein, Jackiw-Rebbi zero-mode
can be regarded as a special case of Majorana zero-mode
[9, 14] in the absence of particle-hole (PH) symmetry.
In the last decade, Jackiw-Rebbi zero-mode was pro-
posed in topological systems including spin ladders [15,
16], Rashba nanowires [17], and quantum spin Hall insu-
lator (QSHI) with constriction [18] or external magnetic
field [19]. These zero-modes are created or annihilated
pairwisely, hence braiding will lead to a non-commutative
transformation due to the fermion parity conservation
[15, 20]. However, on the contrary of its Majorana cousin
[21], Jackiw-Rebbi zero-mode’s non-Abelian nature has
not yet been demonstrated in a practical device such as
trijunction [16, 22–25] or cross-shaped junction [26, 27]
as has been done for Majorana zero-modes.
Another peculiar property of the Jackiw-Rebbi zero-
mode is the one-half charge fractionalization, which has
been claimed [19] to be detectable in a pumping process
[28] or by Coulomb blockade. Recently, a novel 3/2 FQH
plateau is observed in single layer 2D electron gas with
confined geometry [29]. Jackiw-Rebbi zero-mode could
be a tentative explanation [29] as the confined geome-
try here may induce inter-edge quasiparticle tunneling,
where similar mechanism has been proposed to induce
Jackiw-Rebbi zero-mode in QSHI constrictions [18].
In this Letter, we first show the numerical evidence of
Jackiw-Rebbi zero-mode in QSHI heterostructre. Then
we investigate the Aharonov-Bohm (AB) effect where a
single Jackiw-Rebbi zero-mode is embedded in an AB
ring, showing a double-frequency (half flux quantum
period) AB oscillation at zero-energy. A comparison
with Majorana zero-mode’s AB effect supports the afore-
mentioned relation between Jackiw-Rebbi and Majorana
zero-mode. We also confirm the non-Abelian braiding
properties of Jackiw-Rebbi zero-modes in a cross-shaped
QSHI junction. However, such properties are fragile with
disorder due to chiral symmetry breaking other than gap
closing. Similarly, tiny “fictitious” disorder breaking PH
symmetry will also destroy Majorana zero-modes’ non-
Abelian statistics. We draw a conclusion that these zero-
modes’ degeneracy protected by certain symmetry is in-
dispensable for their non-Abelian properties.
Lattice model. The 1D effective Hamiltonian describ-
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FIG. 1: (a) Schematic diagram of the QSHI heterostructure
lattice with finite width Ny [Ny = 30 through (a)-(e)]. The
heterostructure is composed of two semi-infinite QSHIs (yel-
low and blue, respectively) whose energy spectrums are shown
as (b) and (c), respectively. Hamiltonian parameter Ay = 2
in (b) and there are four edge channels; Ay = 40 in (c) and
the edge channels here are destroyed and hence topologically
distinct from (b). (d) The DOS inside the shaded region
(Nx = 60) of (a). (e) The local density of states distribu-
tion inside the shaded region of (a) at zero-energy E = 0.
ing four edge channels of QSHI constrictions can be con-
structed [18] as H1D = vF pˆxρzτ0 + ∆xρxτ0 + ∆zρzτz +
tρxτx, where the four terms represent the kinetic energy,
the spin-orbit interaction (SOI), the Zeeman term, and
a spin-conserved inter-edge tunneling term, respectively
(ρi, τi are Pauli matrices working in right-/left-moving
spinor and chirality spinor, respectively). The compe-
tition between the Zeeman term ∆z and the tunneling
strength t induces two distinct topological phases and the
Jackiw-Rebbi zero-mode resides in the domain wall. The
effective Hamiltonian Heff = (∆x/t)pxpix+(∆z−t)piz de-
scribing topological phase transition has the form of 1D
TI (pii are Pauli matrices for real spin). It is worth not-
ing that quantum Hall insulator with two pairs of edge
channels [29] possesses similar Hamiltonian supporting
Jackiw-Rebbi zero-mode.
The 2D Hamiltonian describing QSHI constriction is
constructed by adding the Zeeman term ∆zσ0 and the
SOI term ∆xσ0 into the Bernevig-Hughes-Zhang (BHZ)
model [30, 31] (σi for Pauli matrices):
HQSHI(p) =
(
h(p) + ∆zσ0 ∆xσ0
∆xσ0 h
∗(−p)−∆zσ0
)
(1)
where h(p) = (Axpxσx − Aypyσy) + (M − Bp2)σz. The
discretized version of Eq. (1) in a square lattice with fi-
nite width Ny generally possesses four edge states. How-
ever, a strong enough inter-edge tunneling will destroy
these edge states and bring about a topologically trivial
phase. The tunneling strength is not explicitly shown in
Eq. (1), while it depends on the overlap between the edge
states from different edges and therefore can be modu-
lated through the Hamiltonian parameters [e.g., Ay, see
Fig. 1(b), (c)]. In the method of Green’s function, the
density of states (DOS) [Fig. 1(d), (e)] of a QSHI het-
erostructure [Fig. 1(a)] composed of two topologically
distinct halves show a subgap zero-energy state local-
ized at the heterostructure’s interface. The tunneling
strength could also be modulated through Ny, which is
exactly the earlier proposed QSHI constrictions [18].
Aharonov-Bohm effect. Apart from pumping of the do-
main wall [19, 28], transport signature of Jackiw-Rebbi
zero-mode is also shown in the electron transmission in-
termediated by the Jackiw-Rebbi zero-mode [17, 32]. The
pecularities of such an intermediated transmission may
be revealed by interfering with a normal electron trans-
mission by direct hopping. Such two-path inteference is
exactly the AB effect with a Jackiw-Rebbi zero-mode em-
bedded in a ring geometry [Fig. 2(a)], where the direct
hopping strength between two identical 2D metal leads
is td, and the hopping strength between the leads and
the QSHI heterostructure supporting Jackiw-Rebbi zero-
mode is tJR. Transmission coefficient between the two
leads T12 generally depends on the incident electron’s en-
ergy E as well as the magnetic flux φ inclosed [φ is in the
unit of φ0/(2pi) below, φ0 = hc/e is the flux quantum].
The transmission coefficient T12 is obtained by numer-
ically calculating the Green’s function. For weak td [Fig.
2(b)-(d)], the AB effect shows an unexpected pi-period
sinusoidal oscillation in the zero-energy case that the in-
cident electron’s energy E matches the energy level of
the zero-mode. As the energy E slightly deviates from
zero, the oscillation of T12 becomes the superposition of
a pi-period and a 2pi-period sinusoidal functions. The AB
effect comes back to the normal 2pi-period sinusoidal os-
cillation at significant non-zero E. For strong td [Fig.
2(e)-(g)], though no longer in the simple sinusoidal form,
the AB effect still exhibits an unexpected pi-period oscil-
lation for E = 0, while a 2pi-period oscillation for E 6= 0.
The scattering matrix (S-matirx) theory [33, 34] shows
that T12 has the analytical form as:
T12 =
4t˜2d · E˜2 + 4t˜d cosφ · E˜ + 1[(
1 + t˜2d
)
E˜ + t˜d cosφ
]2
+ 1
(2)
where t˜d ≡ td2vf , and E˜ ≡
vf
t20
(E − 0) [35]. In the reso-
nant tunneling condition that E˜ = 0, T12 is reduced to
1/
(
t˜2d cos
2 φ+ 1
)
and therefore exhibits pi-period oscilla-
tion. The numerical results could be fitted by Eq. (2)
3FIG. 2: (a) Sketch of the AB ring in a lattice model. An AB
ring enclosing a magnetic flux φ is sandwiched between two
identical 2D metal leads (shown in green). The upper arm of
the ring is the direct hopping between the two leads (black
arrows, hopping strength td), and the lower arm contains a
Jackiw-Rebbi zero-mode in a QSHI heterostructure (shown
in yellow and blue). The QSHI heterostructure is equally
coupled to the two leads (orange arrows, hopping strength
tJR). (b)-(d) [(e)-(g)] In the condition of weak (strong) td,
numerical results of T12 at fixed energies as (b) [(e)] E = 0;
(c) [(f)] E = 0.0002; and (d) [(g)] E = 0.01, respectively.
(h) Electron transmission solely induced by the Jackiw-Rebbi
zero-mode, where numerical results (orange) can be perfectly
fitted by the analytic formula (green) with E˜ ≈ 95E.
as T12 = c0 + c1 · 4t˜
2
d·E˜2+4t˜d cos(φ+φ′)·E˜+1
[(1+t˜2d)E˜+t˜d cos(φ+φ′)]
2
+1
(c0, c1, and φ
′
are constants) [35]. In addition, Eq. (2) also indicates
that T12 = 1/(E˜
2 + 1) in the limit of t˜d → 0, which
means the transmission solely induced by the Jackiw-
Rebbi zero-mode has a peak value of 1, other than the
naively expected value of 1/2. This analytic result drawn
from S-matrix is numerically verified [Fig. 2(h)] and has
also been reported in previous research [17].
Comparison with Majorana zero-mode. If the Jackiw-
Rebbi zero-mode embedded in the AB ring is replaced
by a Majorana one, then the transmission conductance
G12 between the two leads is related to the S-matrix
defined in the Bogoliubov-de Gennes (BdG) basis as
G12 = (e
2/h) · (|See12|2 − |She12 |2) (1, 2 for lead indices,
e, h for electron and hole, respectively, see Supplemen-
tary Materials [35]). The explicit form of G12 is [33, 36]:
G12 =
e2
h
· {|See12|2 − |She12 |2} =
e2
h
·−32t˜d sinφ+ 8t˜d
(
1− t˜2d
)
cosφ · E˜ + 4t˜2d
(
1 + t˜2d
) · E˜2(
1 + t˜2d
) · [16 + (1 + t˜2d)2 · E˜2]
(3)
where t˜d ≡ td2vf , E˜ ≡
2vf
t2M
E [35]. In contrast to the
Jackiw-Rebbi zero-mode, Eq. (3) indicates that Majo-
rana zero-mode’s AB effect oscillates in a 2pi-period at
both zero-bias (E˜ = 0) and finite-bias (E˜ 6= 0), which is
consistent with a former report [37].
The comparison between the SSH model and the Ki-
taev’s chain hints that Jackiw-Rebbi zero-mode could be
viewed as a special case of Majorana zero-mode where
the PH symmetry H = −PHTP−1 is absent (P is PH
symmetry operator) [38, 39]. The electron and hole in-
dices in Eq. (3) are replaced by two electron band indices
or sublattice indices (denoted by α and β) if the Majo-
rana condition is not imposed. Hence the sign differece
between electron and hole is absent, and Eq. (3) is modi-
fied asG12 =
e2
h {|Sαα12 |2+|Sβα12 |2} = e
2
h
16
16+(1+t˜2d)
2·E˜2 ·{
1
2 +
t˜2d
(1+t˜2d)
2 +
t˜2d
4 E˜
2 + t˜d2
1−t˜2d
1+t˜2d
cosφ · E˜− t˜2d
(1+t˜2d)
2 cos 2φ}, which
qualitatively retrieve the previous consequence that the
Jackiw-Rebbi zero-mode exhibits pi-period (2pi-period)
AB oscillation at zero-bias (finite-bias).
Non-Abelian braiding properties. The similarity be-
tween Jackiw-Rebbi and Majorana zero-modes revealed
by the AB effect remind us to investigate the possi-
ble non-Abelian statistics of Jackiw-Rebbi zero-modes
through the cross-shaped junction [Fig. 3 (a)]. Each of
the four arms of the junction is a topologically nontriv-
ial QSHI supporting Jackiw-Rebbi zero-modes, and three
gates (G1, G2, and G3) are located near the crossing. If
the gate voltage is turned on (off), then the correspond-
ing arm is separated (connected) due to the presence (ab-
sence) of the gating potential barrier. Initially, G1 and
G3 are turned on while G2 is turned off, hence three pairs
of Jackiw-Rebbi zero-modes (denoted by ψi=1,2,...6) are
localized at the ends of three divided parts as Fig. 3 (a).
The braiding protocol [26] takes three steps (time cost for
each step is T ) to swap the spatial positions of ψ2 and
ψ3. Firstly, gate voltage G1 is turned off and then G2 is
turned on, hence ψ2 is moved to the top of G2. Secondly,
G3 is turned off and then G1 is turned on, so now ψ3 is
at the left of G1. Thirdly, turning off G2 is followed by
turning on G3, as a result ψ2 and ψ3 are swapped.
In the following, we verify that the swapping of ψ2
and ψ3 lead to a geometric phase [40] of pi as ψ2 → ψ3
and ψ3 → −ψ2, which is exactly the same as Majo-
rana zero-modes [21]. In the clean limit, considering the
finite-size induced coupling 2i−1,2i (with phase α2i−1,2i)
4FIG. 3: (a) Sketch of the cross-shaped junction composed
of four QSHI arms and three gates. Distribution of the three
pairs of Jackiw-Rebbi zero-modes (ψi=1,2,...,6) before braiding
are shown. (b)-(d) Evolution of an eigenstate |φ(t)〉 as ψ2 and
ψ3 are swapped twice (b) in the clean limit; (c) in the presence
of chiral symmetry breaking disorder Hdis with W = 10
−3;
(d) in the presence of chiral symmetry conserved disorder HCdis
with W = 3. Topological gap ∆b ≈ 0.2, and the coupling
energy 12, 34 ≈ 7× 10−5 through (b)-(d).
between ψ2i−1 and ψ2i (i = 1, 2, 3), two Jackiw-Rebbi
zero-modes will form symmetric and asymmetric states
as ψ12± =
1√
2
(ψ1 ± e−iα12ψ2) [15]. In a whole braiding
process swapping ψ2 and ψ3 twice (taking total time of
2 × 3T ), numerical simulation of the adiabatically ap-
proximated time-evolution [35] shows that an eigenstate
evolves from ψ12− to ψ
12
+ [Fig. 3 (b)], which is equivalent
to ψ2 → −ψ2. Similarly, ψ3 → −ψ3 is also confirmed
for another eigenstate evolving from ψ34− to ψ
34
+ simulta-
neously. Consequently, braiding properties ψ2 → ψ3 and
ψ3 → −ψ2 (after swapping ψ2 and ψ3 once) can be drawn
from the above results up to a gauge transformation.
Braiding error with lifting of degeneracy. Such non-
Abelian properties can be destroyed by tiny on-site dis-
order Hdis = diag{V1(r), V2(r), V3(r), V4(r)} (Vi(r) uni-
formly distributed within [−W/2,W/2]) where disorder
strength W comparable with 12, 34 but much smaller
than the topological gap ∆b [Fig. 3 (c)]. The QSHI
constriction [Eq. (1)] only possesses chiral symmetry as
−HQSHI(−p) = CHQSHI(p)C−1 with C = piyσy (piy is
Pauli matrix for real spin) and is classified as AIII sym-
metry class [38, 41]. Strikingly, the non-Abelian prop-
erties are preserved until the disorder is strong enough
to destruct the topological gap [Fig. 3 (d)], if the dis-
order has a chiral symmetry conserved form as HCdis =
diag{V1(r), V2(r),−V2(r),−V1(r)} [35].
Due to the self-conjugation condition γ†i = γi, the Ma-
jorana zero-mode’s occupation energy term γ†i γi = 1 is
a trivial constant. For Jackiw-Rebbi zero-modes, in con-
trast, ψ†i 6= ψi due to the lack of PH symmetry and
therefore the energy deviation ∆2i−1,2i in the form of
ψ†iψi (for example, originated from the disorder effect)
can be introduced into the effective Hamiltonian as:
HJR = ∆12ψ
†
1ψ1 −∆12ψ†2ψ2 + ∆34ψ†3ψ3 −∆34ψ†4ψ4
+
(
12e
iα12ψ†1ψ2 + 34e
iα34ψ†4ψ3 + h.c.
)
(4)
(widely separated zero-modes ψ5 and ψ6 with negligible
coupling are dropped). The four eigenstates of Eq. (4)
are ψ12± =
1√
2C±12
{ψ1 + e−iα12 [±(∆˜212 + 1)1/2 − ∆˜12]ψ2},
and ψ34± =
1√
2C±34
{ψ4+e−iα34 [±(∆˜234+1)1/2−∆˜34]ψ3}, re-
spectively (∆˜2i−1,2i ≡ ∆2i−1,2i/2i−1,2i, and C±2i−1,2i are
normalization constants). In case of non-zero ∆2i−1,2i,
numerical simulation confirms that braiding properties
ψ2 → ψ3 and ψ3 → −ψ2 are still valid [35] and thus
∣∣〈φ(t = 6T )|ψ12+ 〉∣∣ = (1 + ∆˜212)−1/2 (5)
where |φ(t = 0)〉 = |ψ12− 〉. The braiding “fidelity” [Eq.
(5)] reduces from 1 to 0 with the increase of ∆˜12 describ-
ing the lift of degeneracy. Chiral symmetry breaking dis-
order Hdis with strength W ∼ 12 yileds ∆˜12 ∼ 1 and
thus causes significant “fidelity” loss. Remarkably, the
“fidelity” loss could be reduced for stronger coupling 12
as ∆˜12 will be relatively small. In contrast, for H
C
dis, dis-
orders in opposite signs are imposed on edge states with
opposite chirality, hence the energy deviation ∆˜12 = 0
and the non-Abelian properties survive.
Similar “fidelity” loss induced by the lift of degener-
acy is also confirmed by investigating the disorder effect
[35] of Majorana zero-modes in a p ± ip-wave supercon-
ducotr (SC), in which the only symmetry is PH symmetry
H = −PHTP−1 (D symmetry class [38, 41, 42]). The
important role of chiral symmetry in Jackiw-Rebbi zero-
modes is played by PH symmetry here, which preserves
the degeneracy of Majorana zero-modes. In addition, as
shown in the Supplementary Materials [35], the analyti-
cal prediction of the “fidelity” loss [Eq. (5)] perfectly fits
the numerical simulation results.
Discussions. The relation and similarity between
Jackiw-Rebbi and Majorana zero-modes are uncov-
ered by AB effect and non-Abelian braiding proper-
ties. Though the double-frequency AB oscillation of the
Jackiw-Rebbi zero-mode is irrelevant to the charge frac-
tionalization, such effect relies on the resonant condition
E˜ = 0 in which Jackiw-Rebbi zero-mode’s zero-energy
nature is topologically protected, while such pecularity
can be easily removed for an ordinary zero-mode such
as a localized state in a quantum dot. As for the non-
Abelian properties, realization of the Jackiw-Rebbi zero-
mode based braiding still needs a candidate material
5whose symmetry is robust against disorder. For Majo-
rana zero-mode, the desired degeneracy is more robust
since PH symmetry is always presented provided that
the superconductivity is not destroyed. Nevertheless, for
Majorana-based braiding, considering the adiabatic con-
dition 12, 34  1/T  ∆b [26] where ∆b is the SC gap
in the order of 1meV, it requires larger device scale to re-
duce the finite-size-induced coupling 12, 34 and relative
low braiding frequency 1/T . These restrictions could be
relaxed for Jackiw-Rebbi zero-modes since superconduc-
tivity is no longer required and the bulk gap ∆b could
be generally larger, which shows the possibility of quan-
tum computation device with higher integration level and
higher braiding operation frequency.
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DERIVATION OF THE S-MATRIX FOR JACKIW-REBBI ZERO-MODE’S AB EFFECT
The Hamiltonian describing an AB ring with a Jackiw-Rebbi zero-mode embedded in one arm has the form of:
HAB = −ivf
∑
i=1,2
∫ +∞
−∞
dx ·ψ†i (x) ∂xψi (x) + td
[
eiφψ†1 (0)ψ2 (0) + h.c.
]
+ t0
∑
i=1,2
[
ϕ† (0)ψi (0) + h.c.
]
+ 0ϕ
† (0)ϕ (0)
(S1)
where i = 1, 2 is the lead index. The creation operator for the conducting mode (in the metal lead) and the Jackiw-
Rebbi zero-mode are denoted as ψ†i (x) and ϕ
†(0), respectively. From left to right, the four terms in Eq. (S1) are the
kinetic energy of the metal leads (vf the Fermi velocity), direct hopping term (with strength td) between two metal
leads, hopping term (with strength t0) between the Jackiw-Rebbi zero-mode and the metal leads, and the on-site
energy (denoted by 0) of the Jackiw-Rebbi zero-mode, respectively.
The Hamiltonian Eq. (S1) is derivated as following. Assuming both these two metal leads in the AB ring contain
only one conducting mode per moving direction. Hence the Hamiltonian of the first lead can be written as [S1]:
HL1 =
∑
=L,R
∑
σ=↑,↓
−ivf
∫ +∞
0
dx · ψ†1σ (x) ∂xψ1σ (x) (S2)
where vf is the Fermi velocity,  denotes the left-/right-moving mode, and σ is the spin index. Assuming ψ1Lσ (x) =
ψ1Rσ (−x) for x > 0 and supressing the right-moving index  = R, Eq. (S2) is simplified as [S1]:
HL1 = −ivf
∑
σ=↑,↓
∫ +∞
−∞
dx · ψ†1σ (x) ∂xψ1σ (x) (S3)
The Hamiltonian for the second lead HL2 can be dealed with in the same way. Besides, in the AB ring, the two
hopping paths between the tip of these two leads have the form of:
HT = td
∑
σ=↑,↓
[
eiφψ†1σ (0)ψ2σ (0) + h.c.
]
+
t0√
2
∑
i=1,2
∑
σ=↑,↓
[
ξσϕ
† (0)ψiσ (0) + h.c.
]
(S4)
Both hopping strength td and t0 are assumed to be real, ξσ are complex numbers with |ξσ| = 1 and φ is the
magnetic flux inclosed. Operating a unitary transformation
{
ψi (x) =
1√
2
[ξ↑ψi↑ (x) + ξ↓ψi↓ (x)]
ψ
′
i (x) =
1√
2
[ξ↑ψi↑ (x)− ξ↓ψi↓ (x)]
(where i = 1, 2)
and dropping ψ
′
i for not participating in the inteference (only contributing a conductance constant), finally we get the
full Hamiltonian whose form is exactly Eq. (S1) by combining HL1, HL2, HT and the on-site energy of the zero-mode.
Adopting the celebrated Heisenberg’s equation of motion (EOM) i∂tOˆ = [Oˆ,H], we can write down the EOMs for
ψ1, ψ2 and ϕ with real space and time variables. Operating the Fourier transform (where i = 1, 2)
2FIG. S1: (a) [(b)] The transmission coefficient T12 as a function of the incident electron’s energy E and the magnetic flux φ
inclosed, in the condition of weak (strong) t˜d. Numerical results (obtained by the Green’s function) are shown as orange dots,
as the fitting formulae (by S-matrix) are shown as translucent blue surfaces. Red vertical lines indicate the fitting residues.
The fitted parameters in (a) [(b)] are t˜d ≈ 0.070 (t˜d ≈ 3.0) and E˜ ≈ 95E (E˜ ≈ 122E). Fig. 2 (b)-(d) [(e)-(g)] in the main text
are replotted from the numerical results shown in (a) [(b)] of this figure.
{
ψiE (x) =
1
2pi
∫
dt · ψi (x, t) eiEt
ϕE (0) =
1
2pi
∫
dt · ϕ (0, t) eiEt (S5)
and then integrating the EOMs around x = 0 {ϕE (0) = [ϕE (0+)+ϕE (0−)]/2, and ψiE (0) = [ψiE (0+)+ψiE (0−)]/2
are inserted}, finnaly two independent EOMs can be written in a matrix form as
(
1− it˜de−iφ −1 + it˜deiφ
− i2 − E˜ − i2 − it˜deiφE˜
)(
ψ1E (0
+)
ψ2E (0
+)
)
=
(
1 + it˜de
−iφ −1− it˜deiφ
i
2 − E˜ i2 + it˜deiφE˜
)(
ψ1E (0
−)
ψ2E (0
−)
)
(S6)
where t˜d ≡ td2vf , and E˜ ≡
vf
t20
(E− 0). The operator at x = 0− (x = 0+) is explained as the incoming (outgoing) mode,
since the conducting mode of the lead at x = 0− is mapped from the left-moving mode. Therefore, the S-matrix
defined as
(
ψ1E (0
+)
ψ2E (0
+)
)
= S
(
ψ1E (0
−)
ψ2E (0
−)
)
has the explicit form of (where λ ≡ it˜deiφ)
S =
1(
1 + t˜2d
)
E˜ + t˜d cosφ+ i
×
( (
1− t˜2d
)
E˜ − t˜d cosφ −2λ · E˜ − i
2λ∗ · E˜ − i (1− t˜2d) E˜ − t˜d cosφ
)
(S7)
and T12 is the modulus square of the non-diagonal element of the S-matrix as T12 = |S12|2, which is exactly Eq. (2)
in the main text. As shown in Fig. S1, the numerical results of T12 (obtained by the Green’s function) could be fitted
by the analytic formula as T12 = c0 + c1 · 4t˜
2
d·E˜2+4t˜d cos(φ+φ′)·E˜+1
[(1+t˜2d)E˜+t˜d cos(φ+φ′)]
2
+1
[where c0, c1, and φ
′ are constants].
DERIVATION OF THE S-MATRIX FOR MAJORANA ZERO-MODE’S AB EFFECT
The Hamiltonian describing an AB ring with a Majorana zero-mode embedded can be obtained by substituting the
last two terms of Eq. (S1) by:
− itM · η (0)
∑
i=1,2
[ψi (0) + h.c.] + M · η† (0) η (0) (S8)
where η(0) is the Majorana operator. The first term of Eq. (S8) is the coupling (with strength tM ) between Majorana
zero-mode and the metal leads, as the second term is the on-site energy of the Majorana zero-mode.
3The derivation of the S-matrix describing Majorana zero-mode’s AB effect is in the same procedure as the Jackiw-
Rebbi zero-mode’s case. An important difference lies in that the EOMs for ψi and ψ
†
i are coupled due to the presence
of Majorana zero-mode. Therefore the S-matrix relates the incoming mode and outgoing mode has the definition of

ψ1E (0
+)
ψ2E (0
+)
ψ†1−E (0
+)
ψ†2−E (0
+)
 = S

ψ1E (0
−)
ψ2E (0
−)
ψ†1−E (0
−)
ψ†2−E (0
−)
 , S ≡ ( See SehShe Shh
)
(S9)
(where 1, 2 for lead indices, and e, h for electron and hole, respectively) in the Bogoliubov-de Gennes (BdG) basis.
The explicit form of the S-matrix is shown to be:
S = C

1−|λ|4
2
E˜ + i (1 + λ) (1− λ∗) −i (1 + λ)2 − λ (1 + |λ|2) · E˜ i (−1 + λ2) −i (1− λ) (1− λ∗)
−i (1− λ∗)2 + λ∗ (1 + |λ|2) · E˜ 1−|λ|4
2
E˜ + i (1 + λ) (1− λ∗) −i (1 + λ) (1 + λ∗) i (−1 + λ∗2)
i
(−1 + λ∗2) −i (1− λ) (1− λ∗) 1−|λ|4
2
E˜ + i (1− λ) (1 + λ∗) −i (1 + λ∗)2 − λ∗ (1 + |λ|2) · E˜
−i (1 + λ) (1 + λ∗) i (−1 + λ2) −i (1− λ)2 + λ (1 + |λ|2) · E˜ 1−|λ|4
2
E˜ + i (1− λ) (1 + λ∗)

(S10)
The prefactor C = 2
(1+|λ|2)·[4i+(1+|λ|2)·E˜] , besides t˜d ≡
td
2vf
, E˜ ≡ 2vf
t2M
E, and λ ≡ it˜deiφ. With the Majorana zero-mode,
the conductance Gi is defined as the derivative of the current inside the ith lead [S2, S3] with respect to the bias V :
Gi =
dIi
dV
=
e2
h
· {1− |Seei1 |2 − |Seei2 |2 + |Shei1 |2 + |Shei2 |2} (S11)
The conductance in Eq. (S11) can be decomposed into two parts as Gi = Gii−Gij (i 6= j), where Gii = e2h {1−|Seeii |2+
|Sheii |2} is induced by the current which flows out of lead i and then flows back into lead i, and Gij = e
2
h {|Seeij |2−|Sheij |2}
(i 6= j) is propotional to the current which flows out of lead j and then flows into lead i. Apart from the conductance
between two leads Gij [Eq. (3) in the main text], the explicit form of the conductance Gi is
G1 =
e2
h
· 16(
1 + t˜2d
)2
E˜2 + 16
·
[
1 +
2t˜d(
1 + t˜2d
)2 sinφ
]
(S12)
and
G2 =
e2
h
· 16(
1 + t˜2d
)2
E˜2 + 16
·
[
1− 2t˜d(
1 + t˜2d
)2 sinφ
]
(S13)
It is easy to see that G1 and G2 are in an anticorrelated fashion [S3], and the total conductance G = G1 + G2 =
2e2
h · 16(1+t˜2d)2·E˜2+16 is quantized at
2e2
h in the zero-energy condition [S3]. The total conductance G decays in the manner
of 11+E2 for non-zero energy, and the oscillation term
e2
h · 32t˜d·sinφ(1+t˜2d)·
[
(1+t˜2d)
2·E˜2+16
] is always in the period of 2pi.
NUMERICAL SIMULATION FOR THE BRAIDING OF JACKIW-REBBI ZERO-MODES
The Hamiltonian describing QSHI constriction [Eq. (1)] in a square lattice has the form of
H0 =
∑
i
ψ†riT0ψri + ψ
†
riTxψri+δxˆ + ψ
†
riTyψri+δyˆ + h.c. (S14)
where ri stands for the location of the ith lattice site. T0, Tx, and Ty are the on-site energy, hopping term along the
x-direciton, and hopping term along the y-direciton, respectively. Each of the four arms in the cross-shaped junction
4FIG. S2: Evolution of the eigenstate |φ(t)〉 as two Jackiw-Rebbi zero-modes ψ2 and ψ3 are swapped twice in the presence of
disorder. Each gate step takes time of T = 200, topological gap ∆b ≈ 0.2, and the coupling energy between Jackiw-Rebbi
zero-modes 12, 34 ≈ 7× 10−5. In the presence of chiral symmetry breaking disorder Hdis, the modulus and phase angle [Eq.
(S17)] of the projection of |φ(t)〉 with disorder strength W = 10−4 (W = 10−3) are shown in (a) [(b)] and (e) [(f)], respectively.
In the presence of chiral symmetry conserved disorder HCdis, the modulus of the projection of |φ(t)〉 with disorder strength
W = 3 (W = 3.5) is shown in (c) [(d)]. The non-Abelian braiding properties that ψ12− → ψ12+ is nearly well-preserved for Hdis
with W = 10−4 and HCdis with W = 3, while destructed for Hdis with W = 10
−3 and HCdis with W = 3.5.
[Fig. 3 (a) in the main text] can be described by Eq. (S14), while the hopping term near the crossing controlled by
the gate voltages has the form of
Hgate =
∑
〈i,j〉
( ∑
α=1,2,3
gαψ
†
ri,αTxψrj,c + ψ
†
ri,4Txψrj,c + h.c.
)
(S15)
where ri,α denotes the ith lattice site in the αth arm (α = 1, 2, 3, 4), rj,c denotes the jth lattice site at the crossing
point, and 〈i, j〉 means the nearst neighbour. In the numerical simulation, gate voltages G1, G2, G3 are turned on
(off) linearly, therefore gα (α = 1, 2, 3) in Eq. (S15) is approximated as step functions gα = 1−n/N (gα = n/N) with
n = 0, 1, 2, ..., N (N a large integer).
The whole braiding Hamiltonian Ht = H0 + Hgate is time-dependent and the time-evolution operator in the form
of U(t) = Tˆei
∫
dt·H(t) (Tˆ is the time-ordering operator) is approximated as U(t) ≈∏n eiδt·Ht due to the step-function
approximation. The eigenstate of the junction evolves as |φ(t)〉 = U(t)|φ(t = 0)〉 where |φ(t = 0)〉 is the initial
eigenstate (before braiding). As the braiding protocol stated in the main text, each braiding step takes time of T .
The adiabatic condition is satisfied when the excitation energy ∼ 1/T will not give rise to energy level transition.
There are two energy scales in the QSHI cross-shaped junction, the topological gap ∆b, and the coupling between
Jackiw-Rebbi zero-modes 12, 34. In both Fig. 3 (b)-(d) in the main text and Fig. S2, ∆b ≈ 0.2 and 12, 34 ≈ 7×10−5,
so we choose δt = 0.1 and N = 1000, hence the time cost in each braiding step T = 2 × Nδt = 200 satisfies the
adiabatic condition as ∆b  1/T  12 [S6].
In the presence of chiral symmetry breaking disorder Hdis = diag{V1(r), V2(r), V3(r), V4(r)}, as shown in Fig. S2
(a), (b), the non-Abelian properties of Jackiw-Rebbi zero-modes are destructed for disorder strength W comparable
with 12, 34 but much smaller than the topological gap ∆b. Nevertheless, |〈φ(t = 6T )|ψ12− 〉|2 + |〈φ(t = 6T )|ψ12+ 〉|2 = 1
is still satisfied [Fig. S2 (a), (b), where the eigenstate before braiding |φ(t = 0)〉 = |ψ12− 〉], indicating the eigenstate
after braiding |φ(t = 6T )〉 still lives in the Hilbert space spanned by |ψ1〉 and |ψ2〉 (other than mix with other states
such as |ψ3〉). Therefore, it is quite reasonable to assume that the whole braiding process swapping ψ2 and ψ3 twice
in the presence of disorder give rise to ψ2 → eiθψ2, in other words, |φ(t = 6T )〉 = 1√2C−12 {ψ1 + e
−iα12 [−(∆˜212 + 1)1/2 −
∆˜12]e
iθψ2}. As a result,
〈φ(t = 6T )|ψ12+ 〉 =
1− e−iθ
2
√
∆˜212 + 1
=
sin (θ/2)√
∆˜212 + 1
· eipi−θ2 (S16)
5FIG. S3: Evolution of the eigenstate |φ(t)〉 as two Majorana zero-modes γ2 and γ3 are swapped twice in the presence of
disorder. Each gate step takes time of T = 100, SC gap ∆SC ≈ 2.6, and the coupling energy between Majorana zero-modes
12, 34 ≈ 1 × 10−9. (a), (b) PH symmetry breaking disorder Hdis with disorder strength (a) W = 10−9, and (b) W = 10−8;
(c), (d) PH symmetry conserved disorder HPdis with disorder strength (c) W = 5, and (d) W = 6. The non-Abelian braiding
properties that ψ12− → ψ12+ is nearly well-preserved in (a) and (c), while destructed in (b) and (d).
and therefore
θ = pi − 2 arg〈φ(t = 6T )|ψ12+ 〉 (S17)
θ = pi is verified by the numerical results [Fig. S2 (e), (f)]. Consequetly, the braiding property ψ2 → −ψ2 after
swapping ψ2 and ψ3 twice is still valid even in the presence of disorder. Similarly, the braiding property ψ3 → −ψ3
can be demonstrated in the same way. These braiding properties indicate that swapping ψ2 and ψ3 once lead to
the general form of ψ2 → eiθ1ψ3 and ψ3 → eiθ2ψ2 where eiθ1eiθ2 = −1. Adopting a gauge transformation imposing
eiθ1 = 1, then the braiding properties ψ2 → ψ3 and ψ3 → −ψ2 is exactly the same as Majorana zero-modes [S5].
On the contrary, as shown in Fig. S2 (c), (d), if the on-site disorder has the chiral symmetry conserved form
as HCdis = diag{V1(r), V2(r),−V2(r),−V1(r)} (satisfying −HCdis = CHCdisC−1), then the non-Abelian properties are
preserved until the disorder is strong enough to close the topological gap. |〈φ(t = 6T )|ψ12− 〉|2 + |〈φ(t = 6T )|ψ12+ 〉|2 is
significantly smaller than 1 in Fig. S2 (d), indicating the gap is destructed and the zero-modes are mixed with the
bulk states.
BRAIDING PROPERTIES OF MAJORANA ZERO-MODES IN THE PRESENCE OF DISORDER
Majorana zero-modes’ braiding is performed with the same protocol and in the same shape of junction as Jackiw-
Rebbi zero-modes, where the difference is that the cross-shaped junction here is composed of p±ip-wave SC supporting
Majorana zero-modes. The Hamiltonian of p± ip-wave SC in the BdG basis
Hp±ipSC(p) =
1
2
× (c†p, c−p) [∆(pxσx + pyσy) + ( p22m − µ)σz
](
cp
c†−p
)
(S18)
possesses PH symmetry as −H(−p) = PHT (p)P−1 with P = σx, and hence is in the D symmetry class (both TR
and chiral symmetries are absent, same symmetry class as Kitaev’s chain with complex SC pairing).
Similar to the Jackiw-Rebbi case, there are six Majorana zero-modes (denoted as γi=1,2,...,6) in the cross-shaped
junction, and the effective Hamiltonian describing the coupling energy (2i−1,2i) and the “fictitious” energy deviation
(∆2i−1,2i) of the Majorana zero-modes reads [S4]:
HM = i12γ1γ2 + i34γ4γ3 + ∆12γ1γ1 −∆12γ2γ2 + ∆34γ3γ3 −∆34γ4γ4 (S19)
6FIG. S4: Braiding “fidelity” defined as Eq. (S20) in a fixed disorder profile with different disorder strength W and braiding time
T . The coupling energy between Majorana zero-modes 12, 34 ≈ 1× 10−9, and the SC gap ∆SC ≈ 2.6. Too long (T = 1× 108)
or too short (T = 0.1) braiding time will violate the adiabatic condition ∆SC  1/T  12, 34. The fitting curve of Eq. (S20)
is shown in black. The blue (red) shaded region indicates W ∼ 12, 34 (W ∼ ∆SC).
where the two widely separated Majorana zero-modes γ5 and γ6 are neglected. Two eigenstates of Eq. (S19) formed
by γ1 and γ2 are ψ
12
± =
1√
2C±12
{γ1 + i[∆˜12 ∓ (1 + ∆˜212)1/2]γ2} (where ∆˜12 ≡ ∆12/12, and C±12 are normalization
constants). Swapping two Majorana zero-modes γ2 and γ3 lead to γ2 → γ3 and γ3 → −γ2 [S5], therefore a full
braiding process swapping γ2 and γ3 twice gives rise to γ2 → −γ2 and γ3 → −γ3. In the presence of the degeneracy
between Majorana zero-modes (∆˜12 = 0), the eigenstates ψ
12
− =
1√
2
(γ1 + iγ2) = (ψ
12
+ )
†, hence the braiding operation
results in ψ12− |G〉 → ψ12+ |G〉 = (ψ12− )†|G〉 as |G〉 indicates the SC ground state. On the contrary, assume that the
degeneracy is lifted (i.e. ∆˜12 6= 0), then the braiding properties γ2 → −γ2 lead to
∣∣〈φ(t = 6T )|ψ12+ 〉∣∣ = (1 + ∆˜212)−1/2 (S20)
[where |φ(t = 0)〉 = |ψ12− 〉], whose form is exactly the same as the braiding “fidelity” of Jackiw-Rebbi zero-modes [Eq.
(5) in the main text].
The braiding of Majorana zero-modes in the p± ip-wave SC and the corresponding evolution of the eigenstates can
be numerically simulated in the same way as the Jackiw-Rebbi case. Though it might be experimentally unrealistic,
a “fictitious” PH symmetry breaking disorder in the form of Hdis = diag{V1(r), V2(r)} with Vi(r) ∈ [−W/2,W/2]
still can be introduced in the numerical simulation, and the non-Abelian braiding properties are destructed by weak
disorder W  ∆SC [Fig. S3 (a), (b), where ∆SC is the SC gap]. Besides, numerical results of the braiding “fidelity”
[Eq. (S20)] in a fixed disorder profile with different disorder strength W and braiding time T is shown as Fig. S4. Too
long (too short) braiding time T will induce energy level transition between different Majorana zero-modes (between
Majorana zero-modes and bulk states) as the energy level transition (f − i) ∼ 1/T . For intermiediate braiding time
satisfying the adiabatic condition ∆SC  1/T  12, 34, the braiding results can be perfectly fitted by Eq. (S20)
as
∣∣〈φ(t = 6T )|ψ12+ 〉∣∣ = (1 + aW 2)−1/2 (black curve in Fig. S4, a is a fitting constant) since ∆˜12 ∝ W in the fixed
disorder profile.
Conversely, in the condition that the disorder has a PH symmetry conserving form as HPdis = V1(r)σz [satisfying
−HPdis = P(HPdis)TP−1], Majorana zero-modes’ non-Abelian properties are well preserved until the SC gap is destruc-
ted by strong disorder W ∼ ∆SC [Fig. S3 (c), (d)]. It is reasonable since HPdis imposes disorder of opposite signs
on the electron band and hole band of the p ± ip-wave SC, therefore the energy deviation of Majorana zero-modes
(∆2i−1,2i) vanishes and the non-Abelian properties maintain integrity.
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